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Area laws are a far-reaching consequence of the locality of physical interactions, and they are
relevant in a range of systems, from black holes to quantum many-body systems. Typically, these
laws concern the entanglement entropy or the quantum mutual information of a subsystem at a single
time. However, when considering information propagating in spacetime, while carried by a physical
system with local interactions, it is intuitive to expect area laws to hold for spacetime regions; in
this work, we prove such a law in the case of quantum lattice systems. We consider a sequence of
local quantum operations performed at discrete times on a spin-lattice, such that each operation is
associated to a point in spacetime. In the time between operations, the time evolution of the spins
is governed by a finite range Hamiltonian. By considering a purification of the quantum instruments
and analyzing the quantum mutual information between the ancillas used in the purification, we
obtain a spacetime area law bound for the correlations between the measurement outcomes inside
a spacetime region, and those outside of it.
I. INTRODUCTION
The investigation of the correlations between re-
sults of spatially separated measurements performed
on a quantum system has paved the way, through
Bell’s inequality and its violation, to our current
understanding of fundamental aspects of quantum
theory.
Characterizing the correlations between tempo-
rally separated events is the main task in the study
of dynamical systems. In classical systems, tem-
poral correlations are fully described in terms of a
stochastic process. The generalization of this notion
to quantum mechanics is not straightforward due to
the nontrivial effect observations have on the state of
the system. Solutions to this problem date back to
Lindblad [1] and Accardi et al. [2]; there, a quantum
stochastic process is described by a multi-time cor-
relation matrix which encodes, for a given choice of
measurements, the probabilities for all the possible
outcomes at different times.
In recent elaborations on these ideas, quantum
processes are described in terms of objects referred
to as quantum combs [3, 4], operator tensors [5], or
process tensors [6] (also see Ref. [7]). In order to
fully probe the dynamics of the system at hand, the
measurement procedures considered in the analysis
include general quantum instruments. The process
matrix formalism [8] is a generalization of the above
approaches which allows dealing with both spatially
and temporally separated measurement scenarios in
a unified framework, as well as with indefinite causal
structures. Several more authors have considered
both spacelike and timelike scenarios in a unified
framework [7, 9, 10]; also notable is Hardy’s pio-
neering operational framework for indefinite causal
structure [11–13].
Space and time assume starkly different roles
in non-relativistic quantum mechanics. However,
for a many-body system evolving under a local
Hamiltonian, relativistic notions emerge. The Lieb-
Robinson bound [14] provides a limit on the speed of
propagation of information and gives rise to an effec-
tive light cone structure. In this setting it has been
shown that neither information can be sent outside
the light cone, nor can correlations between spatial
regions be created in a time shorter than that given
by the distance between the regions divided by the
Lieb-Robinson velocity [15].
Another typical consequence of the locality of in-
teractions are area laws for the entanglement en-
tropy. First studied in relation to black hole thermo-
dynamics [16–19], area laws were observed to hold
in ground states of non-critical quantum lattice sys-
tems [20]. They are of considerable importance be-
cause they imply an efficient classical representation
of such states [21]. An intuitive explanation of the
area law in non-critical systems comes from the de-
cay of two point correlation functions [22], it is, how-
ever, not trivial to make this argument rigorous [23].
Another quantity of interest in the context of lo-
cal systems is the quantum mutual information, for
which an area law was shown to hold in thermal
states [24]. Furthermore, quantum mutual informa-
tion measures the total amount of information of one
system about another [25].
In this paper, we prove a spacetime area law
bound on correlations in the presence of local dy-
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namics (i.e. systems governed by a local Hamilto-
nian). We consider multiple agents acting locally on
a many-body system at different spacetime points
with general quantum instruments. We show that
the correlations between the outcomes of operations
performed within a spacetime region and those per-
formed in its complement are bounded by the area
of the boundary of that region (a codimension 1 sur-
face in spacetime). We prove the bound for finite-
dimensional quantum systems, with time evolution
governed by finite range Hamiltonians, and for one-
dimensional quantum cellular automata.
As a computational aid, we shall consider the pu-
rification of the instruments used to probe the sys-
tem. This will reduce the problem of characteriz-
ing spacetime correlation between the measurement
outcomes to studying the final many-body state of
the ancillas used for the purification. Our bound on
correlations will be obtained as the consequence of
an area law bound on the quantum mutual infor-
mation between the ancillary systems corresponding
to the operations performed inside the spacetime re-
gion and the ones corresponding to the operations
outside of it. This bound is independent of the in-
struments used by the different agents, the details
of the purification and of the dimensions of the an-
cillary systems, and can be, therefore, seen as an
intrinsic property of the dynamics.
Note that the mentioned results regarding en-
tropy area laws for spacetime regions [16–19] refer
to the area of a codimension 2 surface in spacetime,
whereas in this paper the boundary of a region is
a codimension 1 surface. Several approaches have
been suggested with the aim of reconstructing the
geometry of spacetime from entanglement structure
or from correlations of certain quantum states [26–
29]. Based on the quantity we bound in this paper,
we suggest a definition for a measure which quan-
tifies the maximum bipartite correlation generated
by a general process matrix. This may allow the
application of similar methods of reconstruction to
general quantum processes.
The paper is organized as follows: In Section II
we specify the purification scheme which maps mea-
surements in spacetime to a many-body state. In
Section III we describe the setting of the problem.
In Section IV we state the main result of the pa-
per. Section V elaborates on the relation between
correlations and quantum mutual information. In
Section VI and Section VII the proofs are provided
for the one-dimensional and D-dimensional cases re-
spectively. In Section VIII we suggest a generaliza-
tion of the quantity studied in this paper to general
quantum processes. We conclude in Section IX with
a summary and a discussion.
II. PURIFICATION OF QUANTUM
INSTRUMENTS
Any quantum instrument can be implemented by
introducing an ancillary quantum system in a pure
state (which we denote by |0〉), applying a unitary on
both system and ancilla and performing a projective
measurement on the ancilla to obtain the recorded
measurement outcome and the corresponding post-
measurement state of the system [30].
When performing a sequence of measurements,
each one involving a fresh ancillary system, the pro-
jective measurements can be deferred to the end of
the overall process. Up to that point, the physical
system and the ancillas undergo a unitary transfor-
mation. The resulting state of the ancillas (before
the projective measurements) can be represented by
a matrix product state [31], as illustrated in Figs. 1
and 2. In [32] this representation was used to show
that consecutive measurements on a single quantum
system can exhibit temporal correlations as complex
as the ones between outcomes of projective measure-
ments performed on a spin chain in an entangled
state (e.g. W, GHZ or 1D cluster states). In what
follows we shall represent the state of the ancillas
after the measurement process as a tensor network
state [21]. The graphical notation we shall use is
explained in Figs. 1 and 2.
Throughout the following, we shall use ‘quan-
tum instruments’, ‘quantum operations’ and simply
‘measurements’ interchangeably.
|Ψ〉
U
|0〉
FIG. 1. Purification of a quantum instrument. After a
unitary interaction between the system, in the state |Ψ〉,
and the ancilla, in the state |0〉, the ancilla is measured
to produce an outcome and a post measurement state,
which continues down the ‘wire’ on the right (solid line).
Such projective measurements can be deferred to later
times, as indicated by the dashed line.
2
Q.Inst. Q.Inst. Q.Inst.|Ψ〉 . . .
FIG. 2. The state of the ancillas used to implement a
sequence of measurements on a single quantum system
is described by a matrix product state. Each rectangu-
lar box represents a quantum instrument as depicted in
Fig. 1. The upward pointing legs represent the ancillary
systems before projective measurements are performed
on them in order to produce the measurement outcome
recorded by the instrument. The transformed state of
the system continues to the right and can later be either
measured or discarded.
III. THE SETTING
For the sake of clarity we shall first formulate the
problem for a system in one spatial dimension. In
this case, the graphical representation of the prob-
lem is instructive and easy to follow (see Fig. 3). The
generalization of the problem to any spatial dimen-
sion is straightforward and we shall state the result
in full generality in the next section.
Consider a ‘spin’ chain, i.e. identical d-
dimensional quantum systems positioned on a one-
dimensional lattice, with each system labeled by
its position (x1, x2, . . . , xN ) (we shall refer to the
physical systems as spins throughout the following).
Let H be the Hilbert space representing one such
spin, we denote by L(H) the space of operators on
H. Let the chain initially be in an arbitrary state
ρ0 ∈ L
(H⊗N) and evolve in time according to a uni-
tary time evolution generated by a finite range in-
teraction Hamiltonian H =
∑
i hi, where each term
hi acts on at most r adjacent spins (r is a function
of the range of the Hamiltonian and of the spatial
dimension). Let the interaction terms be uniformly
bounded by ‖h‖ := supi ‖hi‖.
At times (t1, t2, . . .) a quantum instrument acts on
each spin. We assume that the measurements are
performed instantaneously, i.e. either they happen
on a negligible time scale compared to the typical
time scale of the Hamiltonian or that one has the
ability to pause the Hamiltonian time evolution and
perform the operations (e.g. in an experimental set-
ting). The different measurements are performed at
spacetime points (x, t), where x is the position of
the spin in the chain and t is the time of the mea-
surement. With each measurement, we associate an
ancillary system. At the end of the process, we can
perform a general quantum measurement (POVM)
on the physical spins. The state of the ancillas at
the end of the measurement process is given by the
tensor network state shown in Fig. 3. Let A be a
spacetime region comprised of X spins (we measure
the spatial extent of a system in units of the lattice
spacing, so that in one dimension length is equal to
the number of spins) and spanning T = τ∆t, where
τ is the number of time steps and ∆t is the length
of time evolution between measurements (for ease of
notation the time intervals between measurements
are taken to be equal; from the proof method it shall
become clear that this plays no role, the result holds
for arbitrary time intervals). The region A is the
area encircled by the red dashed line in Fig. 3.
IV. MAIN RESULT
We state our results in terms of a bound on the
quantum mutual information between the ancillas
of the measurements performed inside the space-
time region A and the rest of the system, which
includes the ancillas of the measurements outside
A as well as the physical spins at the end of the
measurement process. The quantum mutual infor-
mation of a bipartite quantum system in a state
ρAB ∈ L(HA ⊗HB) is given by [30]:
I(A : B)ρ = S(ρA) + S(ρB)− S(ρAB) , (1)
where S(ρ) = −Tr ρ log ρ is the von Neumann en-
tropy and ρA = TrB ρAB is the reduced state of the
system A.
We shall now state the main result of the paper
for a spin lattice of any spatial dimension. We fix a
measure of distance on the lattice in terms of which
we define finite range Hamiltonians with range R as
such in which each interaction term acts inside a ball
of radius R.
Theorem 1. Let a D-dimensional spin lattice, with
each spin described by a d-dimensional Hilbert space,
initially be in a state ρ0, and let the spins evolve in
time according to a finite range Hamiltonian H =∑
hi with range R, where all the terms are bounded
by ‖h‖ = supi ‖hi‖. Let arbitrary quantum instru-
ments be applied individually on each spin at times
(t1, t2, . . .). Let Σ be a connected subset of the D-
dimensional spin lattice and let (tm, tn) be a time
interval so that together they define a spacetime re-
gion A = Σ × (tm, tn). Let ρ be the state of the
combined system of spins and ancillas at the end of
the measurement process, then there exists a con-
stant C > 0 which depends only on D and R, such
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U U U U UX
T = τ∆t
A
FIG. 3. Consecutive local operations followed by Hamiltonian time evolution realize a tensor network state of the
ancillas used to perform the operations. The circles on the left represent the initial state, the white squares represent
local instruments, with the upward pointing legs representing the ancillary system used to implement the instruments.
The gray rectangles represent the unitary time evolution operators. A is the spacetime region of interest. X is the
number of spins on which measurements in A are performed - the spatial extent of A. T = τ∆t is the total duration
of A in time, where τ is the number of time steps and ∆t is the duration of time evolution between measurements.
that the following bound holds for the quantum mu-
tual information between the ancillas corresponding
to measurements performed inside the region A and
the rest of the system A¯:
I(A : A¯)ρ ≤ C‖h‖ log d|∂A| , (2)
where |∂A| = 2|Σ| + T |∂Σ|, with T = tn − tm and
where | · | counts the number of elements in a sub-
system.
V. MUTUAL INFORMATION AND
CORRELATIONS
Before proceeding with the proof of Theorem 1
we elaborate on the relation between quantum mu-
tual information and the correlations between the
recorded measurement outcomes.
The quantum mutual information has a well de-
fined operational meaning as the total amount of
correlations between two systems– measured by the
amount of local noise necessary to erase those cor-
relations [25]. Furthermore, the quantum mutual
information in a bipartite system bounds all con-
nected correlation functions between observables on
the two parts [24]. More precisely:
Proposition 1. Let the system AB be in the state
ρAB, and let OA and OB be Hermitian operators on
HA and HB respectively, then
|〈OA ⊗ I〉 〈I⊗OB〉 − 〈OA ⊗OB〉|
2‖OA‖2‖OB‖2 ≤ I(A : B)ρAB ,
where 〈X〉 := Tr(XρAB) and I(A : B) is the mutual
information defined in Eq. (1).
In order to bound correlation functions between
the measurement outcomes recorded by the instru-
ments in two different regions in spacetime, it is,
therefore, sufficient to bound the quantum mutual
information between the ancillas associated with
those regions. Note, however, that such a bound on
the quantum mutual information implies a bound on
correlation functions for a larger class of measure-
ments than those obtained by performing projec-
tive measurements of individual ancillas separately.
As quantum mutual information bounds correlations
between any two operators supported on the Hilbert
spaces of the ancillas in regions A and A¯, the bound
applies to correlations between outcomes of “space-
time entangled measurements” (e.g. measurements
in the Bell basis of two ancillary qubits correspond-
ing to operations performed on different spins at dif-
ferent times).
Quantum mutual information is non-increasing
with respect to applying completely positive and
trace preserving (CPTP) maps separately on each
subsystem [30]. Let C be a CPTP map on L(HA),
4
then
I(A : B)(C⊗I)ρAB ≤ I(A : B)ρAB . (3)
In particular, tracing out parts of subsystems does
not increase mutual information. Let ρ ∈ L(HA ⊗
HA′ ⊗HB) be a state of a tripartite system, then
I(A : B)TrA′ ρ ≤ I(AA′ : B)ρ . (4)
Eq. (4) is equivalent to the strong subadditivity of
the von Neumann entropy [33]. This property entails
the following. First, we can purify the initial state of
the spin lattice ρ0, and consider a pure initial joint
state of the spins together with the ancillas and the
purifying system. As both the instruments and the
time evolution are implemented unitarily, the state
remains pure throughout the process. The mutual
information between the ancillas corresponding to a
spacetime region and the rest of the system is then
simply given by twice the von Neumann entropy of
the reduced state. It is therefore sufficient to bound
the entropy of the ancillas in the region A in order
to bound the mutual information. We denote it by
SA := S(ρA).
Secondly, we can bound the classical mutual in-
formation between the probability distributions for
the recorded outcomes of measurements performed
in the region A and those performed outside of it,
in terms of the quantum mutual information. Let
ρ be a state of the ancilla system used to purify
a quantum measurement, and let the measurement
outcomes be obtained by a POVM {Ei}. The fol-
lowing CPTP map transforms ρ into a diagonal den-
sity matrix with entries equal to the probabilities
pi = Tr(ρEi):
ρ 7→
∑
i
Tr(ρEi)|i〉〈i| .
After applying this channel on both sides of a bipar-
tite state, the quantum mutual information is equal
to the classical mutual information of the probabil-
ities for the outcomes of both parties. The classi-
cal mutual information is, therefore, bounded, due
to Eq. (3), by the quantum mutual information of
the bipartite state before applying the channel.
This bound on the classical mutual information
emphasizes an operational consequence of our re-
sult: when restricted to access the dynamical system
only in a given spacetime region, the information an
observer can gain about possible measurement out-
comes outside of the region is bounded by the area
of the region’s boundary.
VI. PROOF IN ONE SPATIAL DIMENSION
The representation of the state of the ancillas as
a tensor network state in Fig. 3 allows for a direct
proof of an area law bound on the mutual informa-
tion, in the case when the evolution between time
steps is given by a matrix product operator [34].
This is due to the fact that tensor network states
have, by construction, an area law bound on the en-
tanglement entropy of subsystems. Precisely
Lemma 1. The entanglement entropy of a pure ten-
sor network state with respect to a bipartition A : B
is bounded by the logarithm of the product of the bond
dimensions severed by the cut which defines the bi-
partition
SA ≤ log
(∏
i∈∂A
D(i)
)
,
where D(i) is the dimension of the bond i.
See [21] for a proof.
Quantum cellular automata are a form of transla-
tionally invariant discrete dynamics of a spin chain
whose defining characteristic is that they map lo-
cal operators to local operators [35]. They have
been shown to exactly coincide with the class of
translationally invariant matrix product unitary op-
erators [36], with the bond dimension determined
by the quantum cellular automaton’s propagation
speed. This characterization, combined with Fig. 3
and Lemma 1 proves the following (replacing the
time evolution operator in Fig. 3 by a matrix prod-
uct operator allows to apply Lemma 1 when “cutting
through” it).
Proposition 2. Let the time evolution operator U
in Fig. 3 be a quantum cellular automaton, then an
area law for the quantum mutual information holds:
I(A : A¯)ρ ≤ C log d|∂A|,
where ρ, d and A are defined as in Thm. 1, and where
C > 0 is a constant that depends on the cellular
automaton’s propagation speed.
Even though it is true that in 1D time evolution
operators generated by finite range Hamiltonians are
well approximated by matrix product operators [37],
pursuing this method of proof resulted in the desired
bound up to a correction which scales like τ log(|A|).
In what follows, we prove an exact area law bound
by using a bound on the entanglement generation
rate of local Hamiltonians [38]
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Theorem 1 follows from Proposition 3 given be-
low, where we consider a fixed spacetime region and
allow for general instruments to be applied inside
and outside of the region. This is a stronger result
in the sense that it corresponds to agents given full
control over a subset of the spins at each time step,
whereas in Theorem 1 all operations are strictly lo-
cal. The new setting is depicted in Fig. 4 where the
instruments are allowed to act non-locally in space
as long as they do not cross the region’s boundaries.
Proposition 3. Let A be a spacetime rectangle with
side lengths X and T = τ∆t (the region encircled by
the red dashed line in Fig. 4), where τ is the number
of time steps and ∆t is the length of time evolution
between measurements. Let instruments be applied
at each time step such that they do not cross the
boundary of A (compare Fig. 3), then there exists
a constant C > 0, depending only on r (the maxi-
mal number of spins in the support of each term in
the interaction Hamiltonian) such that the quantum
mutual information of the ancilla systems in A and
the rest of the system A¯ satisfies
I(A : A¯) ≤ C‖h‖ log d (2X + 2T ) = C‖h‖ log d|∂A| .
where d is the dimension of the Hilbert space of a
single spin.
To set the stage for the proof we divide the spins
and ancillas into the following three sets:
A: The ancillas inside the region A (encircled by
the dashed red line in Fig. 4).
B: The spins in the chain on which the measure-
ments in A are performed (there are X of
them).
C: The rest of the spins and ancillas.
With the above definitions of subsystems A,B and
C, the sequence of measurements can be represented
by the circuit diagram in Fig. 5, which is key to
understanding how the system A gets entangled with
the rest of the system.
Denote by t0 the time of the last measurement
which precedes the measurements inside A, let tn :=
t0 + n∆t and let tf be the time of the final mea-
surement. From tτ onward, the system A does not
interact with the system BC (see Fig. 5), therefore
the entropy of A at the end of the entire process,
SA(tf ) (the quantity we wish to bound), is equal to
SA(tτ ).
Next, we require the following result [38, 39] which
bounds the entropy generation rate for local interac-
tions between quantum systems A and B, equipped
with ancillary systems a and b respectively.
Theorem 2 (Small Incremental Entangling). Let
|ψ〉 ∈ Ha ⊗ HA ⊗ HB ⊗ Hb, and let |ψ(t)〉 =
exp(−itH)|ψ〉, where H = Ia ⊗ HAB ⊗ Ib is an in-
teraction Hamiltonian between A and B. Denote
d = min{dimHA,dimHB}. There exists a constant
c > 0, independent of the sizes of the Hilbert spaces,
the initial state and of the details of the interaction
Hamiltonian, such that the rate of change of the en-
tropy of the system aA is bounded by∣∣∣∣dS(ρaA(t))dt
∣∣∣∣ ≤ c‖HAB‖ log d ,
where ρaA(t) = TrBb |ψ(t)〉〈ψ(t)|.
As in the time interval (t0, tτ ) systems AB and C
interact only via the time evolution operators act-
ing on the physical spins, we shall now use Theo-
rem 2 in order to bound the increase of SC = SAB
with each time step (the overall state ρABC is pure
at all times). The following shows that the only
terms in the Hamiltonian able to generate entangle-
ment (increase SC) are the ones that intersect the
boundary of the system B (the set of spins on which
the measurements in A are performed; in the one-
dimensional case, ∂B consists of two points).
Lemma 2. Let |ψ〉 ∈ HC⊗HB, where HB = H⊗|B|,
HC = H⊗|C| and |B| and |C| are the numbers of
spins constituting the subsystems. Let H = HC +
HB +
∑M
i=1H
i
CB where each one of the M interac-
tion terms {HiCB} is supported on at most r spins.
The increase in the entropy SC after evolving for a
period of time t is bounded by
|SC(t)− SC(0)| ≤ ctM(r − 1)‖h‖ log d , (5)
where c is the constant from Theorem 2, ‖h‖ :=
maxi{‖HiCB‖} and d = dimH is the Hilbert space
dimension of a single spin.
Proof. Approximate U = exp(−itH) by an order n
Trotter product [40]
U˜n =
[
e(
−it
n HC)e(
−it
n HB)
M∏
i=1
e(
−it
n H
i
CB)
]n
.
Consider the entropy increase due to the ap-
proximate time evolution. Only the terms
{exp(−itn HiCB)} can generate entanglement between
B and C. Assume w.l.o.g. |C| > r (we can al-
ways add spins with trivial evolution to C), and
consider the worst case for d in Theorem 2, when
each term HiCB acts on one spin in C and r − 1
spins in B. Integrating the bound in Theorem 2
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T = τ∆t
A
FIG. 4. The setting considered in Proposition 3. The process is the same as in Fig. 3 except that at each time step
operations are allowed to be extended in space as long as they do not cross the boundary of the spacetime region A
which is encircled by the red dashed line.
. . .
. . .
. . . . . .
. . .
. . .
|0, 0, . . . , 0〉A
C
B
Time step: t0 t1 = t0 + ∆t . . . tτ = t0 + τ∆t tτ+1 . . . tf
FIG. 5. The circuit representation of Fig. 4. Subsystem A consists of the ancillas inside the region A (encircled
by the dashed red line in Fig. 4); subsystem B consists the spins on which the measurements in A are performed
(there are X of them); subsystem C consists of the rest of the spins and ancillas. The white gates correspond to the
action of the instruments (unitary interaction between spins and ancillas). The gray gates represent the unitary time
evolution. The time axis is aligned with that of Fig. 4.
we find that each term’s contribution to the entropy
is bounded by ctn−1 log(dr−1)‖h‖ (apply the theo-
rem with “a” taken to be the ancillas in C, “A”
the spins in C, “B” - the support of the interaction
term intersected with B and “b” - the rest of B).
Summing up the M × n different contributions, we
find that, independently of n, the entropy increase
due to the approximate time evolution is bounded
by the RHS of Eq. (5). The approximate reduced
state ρ˜C(t) = TrB ρ˜(t) = TrB U˜nρU˜
†
n approximates
the real reduced state arbitrarily well for increasingly
larger n. Precisely, from the Fuchs-Van de Graaf in-
equality [41], and the fact that partial trace is con-
tractive with respect to the trace distance, it follows
that
‖TrB ρ˜(t)− TrB ρ(t)‖1 ≤ 2‖U − U˜n‖ −−−−→
n→∞ 0 ,
where the right hand side vanishes as n →
∞ because the Trotter product approximates the
time evolution operator up to O(n−1) in operator
norm [40]. Finally, by the Fannes inequality [30],
the entropy is continuous with respect to the trace
norm. It, therefore, follows that the entropy increase
due to the real time evolution also satisfies the stated
bound.
We now have the required ingredients for the proof
7
of Proposition 3.
Proof. (Proposition 3) According to Lemma 2, the
increase in SC with each time step is bounded by
∆S = 2c∆t‖h‖(r − 1)2 log(d) (M - the number of
interaction terms between systems B and C is equal
to 2(r − 1)). Bound the total increase in SC in the
time interval of interest:
SAB(tf ) = SC(tτ ) ≤ SC(tτ−1) + ∆S
≤ SC(tτ−2) + 2∆S ≤ . . .
≤ SC(t1) + τ∆S
= SAB(t1) + τ∆S
= SB(t1) + τ∆S ,
(6)
where in the last step we used the fact that at time t1
the system AB is in a product state and the state of
A is pure. Using the triangle inequality for SAB [33]
and Eq. (6) we obtain
|SA(tf )− SB(tf )| ≤ SAB(tf ) ≤ SB(t1) + τ∆S .
Therefore,
SA(tf ) ≤ SB(t1)+SB(tf )+τ∆S ≤ 2 log(dB)+τ∆S ,
where dB is the dimension of HB , i.e. dB = dX , and
we bounded SB(t) by its maximum possible value.
Plugging in the bound ∆S we obtain the desired
area law
SA(tf ) ≤ 2 log(dB) + 2cτ∆t‖h‖(r − 1)2 log(d)
= 2 log(dX) + 2cT (r − 1)2‖h‖ log(d)
≤ C(r)‖h‖ log(d)(2X + 2T )
= C(r)‖h‖ log(d)|∂A| ,
where C(r) := 2c(r − 1)2 and c from Theorem 2
(w.l.o.g. ‖h‖c > 1).
We comment that examples that saturate the area
law bound can be readily constructed by choosing
the time evolution such that in each interval ∆t a
product state of two spins across the boundary |0〉⊗
|0〉 is transformed into a maximally entangled state,
and using swap gates between the spins and ancillas
at each measurement. This way each ancilla pair
on the temporal boundary will become maximally
entangled. Maximal entanglement across the spatial
boundary can be achieved by inputting a specific
entangled state of the spin chain, and by swapping
half of a maximally entangled ancilla state with each
spin at the last measurement inside A.
VII. PROOF IN HIGHER SPATIAL
DIMENSIONS
The proof is essentially the same when space is D-
dimensional. The circuit diagram representation in
Fig. 5 still holds for the appropriately defined sub-
systems. It remains only to compute the number of
interaction terms M in Lemma 2. Let n(D,R) be
the number of spins inside a ball of radius R. For
a finite range Hamiltonian with range R, the num-
ber of interaction terms acting on a single spin in
the lattice is then at most n(D,R). Ignoring mul-
tiple counting of the same terms, we can bound M
by |∂Σ| ·n(D,R) which gives the desired result, thus
proving Theorem 1.
VIII. A GENERAL MEASURE OF
CORRELATIONS FOR QUANTUM
PROCESSES
In this section we generalise some of the previous
reasoning, which was for the specific case of local
Hamiltonian evolution of lattice systems, to the case
of general process matrices [8]. In particular, we use
the quantity that is bounded in Theorem 1 to pro-
vide an intrinsic measure of the amount of correla-
tions achievable by a multipartite process matrix.
The process matrix formalism allows to compute
the joint probabilities for the outcomes of quantum
experiments performed in local laboratories, with-
out needing to pre-assume a causal order between
the different laboratories. The process formalism
is general enough to describe any causally ordered
scenario [4, 42], as well as experimentally relevant
non-causal processes [43–49]; it also predicts coun-
terintuitive – and so far unobserved – phenomena,
such as the violation of causal inequalities [8, 49–52].
The formalism is cursorily reviewed in Appendix A.
Let W be a N -partite process matrix, with parties
labeled from 1 to N . To each party j, associate an
input Hilbert space HIj , an output Hilbert space
HOj and an ancillary output Hilbert space HO′j of
arbitrary dimensions. Let each of the parties make
his ancilla interact with the process, i.e. perform a
local CPTP map Mj : L(HIj ) → L(HOj ⊗ HO′j ).
The final state of all the ancillas is obtained from
Eq. (8), whose graphical representation is Figure 6,
and we denote this state by ρM with a subscript
to emphasize its dependence on the choice of local
CPTP maps M := {Mj}Nj=1.
Given any bipartition of the N parties into two
sets A and A¯, one can calculate IρM(A : A¯), the
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BI
<latexit sha1_base64="B6pJvm9xNiQgp3kWHA1ehbrNX24=">AAAFonict VTbbtNAEJ0GDG24tfDIi0VUCR6InAoEvEWlRVQI0aqEVmqiyna3wYpvWm9aguVP4BW+jX/hgTPjDYQWCEhgy57ZuZw9M551kMdRYTzv80LjwkXn0uXFpeaVq 9eu31heufmmyMY6VL0wizO9H/iFiqNU9UxkYrWfa+UnQaz2gtFT9u+dKF1EWfraTHI1SPxhGh1HoW9g2l0/3DpcbnltTy73vNKxSovstZ2tNDapT0eUUUhjS khRSgZ6TD4VuA+oQx7lsA2ohE1Di8SvqKImcseIUojwYR3hPcTqwFpTrBmzkOwQu8R4NDJdWsXzTBADRPOuCnoB+QXPe7ENf7lDKcjMcAIZAHFJEF/CbugtI uZlJjZyymV+Jldl6JgeSzUR+OVi4TrDbzgb8GjYRuJxaVMih8AIZH2CDqSQPTDgLk8RXKn4CNIXqQQltYg+8DQkd5/5NIXlBiLqb8Wx0wpegRdn84q7XSLSS NdLK/8uNwKbSrRpzwLcJW3BWgmTpvWNkMsRPB3GflH2pdBO0VEf1SvkZvRO8LrQNfRqJoqnJBE07gJHxcKSe1hPHc/kAO+BeH+Hyqu7wq0rvEtqIbd/Bq9P9 4SBi/t7jZl0IhWMUFaTGey+1Krhv4/z0aaHsJyC72xEPUM/41XNqVjLF/iXFes/qDiU01nIGfl/Nc/OSWZPnK6nCH+vztl/1Xmlt9Z+0vZ2HrS66/Y3tki36 Q7K7tAjbPictnG4QhT7gT7SJ2fVeeHsOLt1aGPB5tyiHy6n/xWB+hhf</latexit><latexit sha1_base64="B6pJvm9xNiQgp3kWHA1ehbrNX24=">AAAFonict VTbbtNAEJ0GDG24tfDIi0VUCR6InAoEvEWlRVQI0aqEVmqiyna3wYpvWm9aguVP4BW+jX/hgTPjDYQWCEhgy57ZuZw9M551kMdRYTzv80LjwkXn0uXFpeaVq 9eu31heufmmyMY6VL0wizO9H/iFiqNU9UxkYrWfa+UnQaz2gtFT9u+dKF1EWfraTHI1SPxhGh1HoW9g2l0/3DpcbnltTy73vNKxSovstZ2tNDapT0eUUUhjS khRSgZ6TD4VuA+oQx7lsA2ohE1Di8SvqKImcseIUojwYR3hPcTqwFpTrBmzkOwQu8R4NDJdWsXzTBADRPOuCnoB+QXPe7ENf7lDKcjMcAIZAHFJEF/CbugtI uZlJjZyymV+Jldl6JgeSzUR+OVi4TrDbzgb8GjYRuJxaVMih8AIZH2CDqSQPTDgLk8RXKn4CNIXqQQltYg+8DQkd5/5NIXlBiLqb8Wx0wpegRdn84q7XSLSS NdLK/8uNwKbSrRpzwLcJW3BWgmTpvWNkMsRPB3GflH2pdBO0VEf1SvkZvRO8LrQNfRqJoqnJBE07gJHxcKSe1hPHc/kAO+BeH+Hyqu7wq0rvEtqIbd/Bq9P9 4SBi/t7jZl0IhWMUFaTGey+1Krhv4/z0aaHsJyC72xEPUM/41XNqVjLF/iXFes/qDiU01nIGfl/Nc/OSWZPnK6nCH+vztl/1Xmlt9Z+0vZ2HrS66/Y3tki36 Q7K7tAjbPictnG4QhT7gT7SJ2fVeeHsOLt1aGPB5tyiHy6n/xWB+hhf</latexit><latexit sha1_base64="B6pJvm9xNiQgp3kWHA1ehbrNX24=">AAAFonict VTbbtNAEJ0GDG24tfDIi0VUCR6InAoEvEWlRVQI0aqEVmqiyna3wYpvWm9aguVP4BW+jX/hgTPjDYQWCEhgy57ZuZw9M551kMdRYTzv80LjwkXn0uXFpeaVq 9eu31heufmmyMY6VL0wizO9H/iFiqNU9UxkYrWfa+UnQaz2gtFT9u+dKF1EWfraTHI1SPxhGh1HoW9g2l0/3DpcbnltTy73vNKxSovstZ2tNDapT0eUUUhjS khRSgZ6TD4VuA+oQx7lsA2ohE1Di8SvqKImcseIUojwYR3hPcTqwFpTrBmzkOwQu8R4NDJdWsXzTBADRPOuCnoB+QXPe7ENf7lDKcjMcAIZAHFJEF/CbugtI uZlJjZyymV+Jldl6JgeSzUR+OVi4TrDbzgb8GjYRuJxaVMih8AIZH2CDqSQPTDgLk8RXKn4CNIXqQQltYg+8DQkd5/5NIXlBiLqb8Wx0wpegRdn84q7XSLSS NdLK/8uNwKbSrRpzwLcJW3BWgmTpvWNkMsRPB3GflH2pdBO0VEf1SvkZvRO8LrQNfRqJoqnJBE07gJHxcKSe1hPHc/kAO+BeH+Hyqu7wq0rvEtqIbd/Bq9P9 4SBi/t7jZl0IhWMUFaTGey+1Krhv4/z0aaHsJyC72xEPUM/41XNqVjLF/iXFes/qDiU01nIGfl/Nc/OSWZPnK6nCH+vztl/1Xmlt9Z+0vZ2HrS66/Y3tki36 Q7K7tAjbPictnG4QhT7gT7SJ2fVeeHsOLt1aGPB5tyiHy6n/xWB+hhf</latexit>
W
<latexit sha1_base64="c8mIzhcxlSM9V+p+9Fq2sB 0FgME=">AAAFoHictVRLb9NAEJ4GDG14tXDkYmEhwYHIqUDALYIW0QNqIxFS0UTIdrfBil9ab1qClV/AFX4c/4U D34w3EFogIIEte2bn8e0341mHRRKXxvc/rzTOnXcuXFxda166fOXqtfWN66/KfKIj1YvyJNf7YVCqJM5Uz8QmUf uFVkEaJqofjp+yv3+sdBnn2UszLdQwDUZZfBRHgYGp23+z7vktXy73rNK2ikf22ss3Gts0oEPKKaIJpaQoIwM9o YBK3AfUJp8K2IZUwaahxeJXNKMmcieIUogIYB3jPcLqwFozrBmzlOwIuyR4NDJduo3nmSCGiOZdFfQS8gue92Ib /XKHSpCZ4RQyBOKaIL6A3dBbRCzLTG3knMvyTK7K0BE9kmpi8CvEwnVG33C24NGwjcXj0rZEjoARyvoYHcgge2D AXZ4juFLxIWQgUglKZhED4GlI7j7zaQrLLUTU34pj5xXsghdn84q7XSHSSNcrK/8uNwabmWjznoW4K9qBdSZMmt Y3Ri5H8HQY+0XZl0E7QUcDVK+Qm9M7wetA19BnC1E8JamgcRc4KhGW3MN66ngmh3gPxfs7VF7dEW4d4V2Rh9zBK bwB3RUGLu7vNebSiUwwIllNF7AHUquG/x7OR4sewHICvosR9Qz9jNdsScVavsC/rFj/QcWRnM5Szsj/q3lxTnJ7 4nQ9Rfh7tU//q84qvc3W45bfve91ntjf2CrdpFsou00PseFz2sPhigD7gT7SJ8dzdpxdp1uHNlZszg364XJefwU uPBe4</latexit><latexit sha1_base64="c8mIzhcxlSM9V+p+9Fq2sB 0FgME=">AAAFoHictVRLb9NAEJ4GDG14tXDkYmEhwYHIqUDALYIW0QNqIxFS0UTIdrfBil9ab1qClV/AFX4c/4U D34w3EFogIIEte2bn8e0341mHRRKXxvc/rzTOnXcuXFxda166fOXqtfWN66/KfKIj1YvyJNf7YVCqJM5Uz8QmUf uFVkEaJqofjp+yv3+sdBnn2UszLdQwDUZZfBRHgYGp23+z7vktXy73rNK2ikf22ss3Gts0oEPKKaIJpaQoIwM9o YBK3AfUJp8K2IZUwaahxeJXNKMmcieIUogIYB3jPcLqwFozrBmzlOwIuyR4NDJduo3nmSCGiOZdFfQS8gue92Ib /XKHSpCZ4RQyBOKaIL6A3dBbRCzLTG3knMvyTK7K0BE9kmpi8CvEwnVG33C24NGwjcXj0rZEjoARyvoYHcgge2D AXZ4juFLxIWQgUglKZhED4GlI7j7zaQrLLUTU34pj5xXsghdn84q7XSHSSNcrK/8uNwabmWjznoW4K9qBdSZMmt Y3Ri5H8HQY+0XZl0E7QUcDVK+Qm9M7wetA19BnC1E8JamgcRc4KhGW3MN66ngmh3gPxfs7VF7dEW4d4V2Rh9zBK bwB3RUGLu7vNebSiUwwIllNF7AHUquG/x7OR4sewHICvosR9Qz9jNdsScVavsC/rFj/QcWRnM5Szsj/q3lxTnJ7 4nQ9Rfh7tU//q84qvc3W45bfve91ntjf2CrdpFsou00PseFz2sPhigD7gT7SJ8dzdpxdp1uHNlZszg364XJefwU uPBe4</latexit><latexit sha1_base64="c8mIzhcxlSM9V+p+9Fq2sB 0FgME=">AAAFoHictVRLb9NAEJ4GDG14tXDkYmEhwYHIqUDALYIW0QNqIxFS0UTIdrfBil9ab1qClV/AFX4c/4U D34w3EFogIIEte2bn8e0341mHRRKXxvc/rzTOnXcuXFxda166fOXqtfWN66/KfKIj1YvyJNf7YVCqJM5Uz8QmUf uFVkEaJqofjp+yv3+sdBnn2UszLdQwDUZZfBRHgYGp23+z7vktXy73rNK2ikf22ss3Gts0oEPKKaIJpaQoIwM9o YBK3AfUJp8K2IZUwaahxeJXNKMmcieIUogIYB3jPcLqwFozrBmzlOwIuyR4NDJduo3nmSCGiOZdFfQS8gue92Ib /XKHSpCZ4RQyBOKaIL6A3dBbRCzLTG3knMvyTK7K0BE9kmpi8CvEwnVG33C24NGwjcXj0rZEjoARyvoYHcgge2D AXZ4juFLxIWQgUglKZhED4GlI7j7zaQrLLUTU34pj5xXsghdn84q7XSHSSNcrK/8uNwabmWjznoW4K9qBdSZMmt Y3Ri5H8HQY+0XZl0E7QUcDVK+Qm9M7wetA19BnC1E8JamgcRc4KhGW3MN66ngmh3gPxfs7VF7dEW4d4V2Rh9zBK bwB3RUGLu7vNebSiUwwIllNF7AHUquG/x7OR4sewHICvosR9Qz9jNdsScVavsC/rFj/QcWRnM5Szsj/q3lxTnJ7 4nQ9Rfh7tU//q84qvc3W45bfve91ntjf2CrdpFsou00PseFz2sPhigD7gT7SJ8dzdpxdp1uHNlZszg364XJefwU uPBe4</latexit>
Mx
<latexit sha1_base64=" FbS3UQ+/FDeBuYh2bVKpdr1jgkI=">AAAFonictVTbbt NAEJ0GDG24tfDIi0VUCR6InAoEvEXQIhCqaFVCKzVRZ bvbYMU3rTdtg+VP4BW+jX/hgTPjDYQWCEhgy57ZuZw9M 551kMdRYTzv80LjwkXn0uXFpeaVq9eu31heufm2yMY6 VL0wizO9F/iFiqNU9UxkYrWXa+UnQax2g9Ez9u8eK11E WfrGTHI1SPxhGh1FoW9g2tk8OD1YbnltTy73vNKxSov stZWtNDaoT4eUUUhjSkhRSgZ6TD4VuPepQx7lsA2ohE1 Di8SvqKImcseIUojwYR3hPcRq31pTrBmzkOwQu8R4ND JdWsXzXBADRPOuCnoB+QXPe7ENf7lDKcjMcAIZAHFJED dhN/QOEfMyExs55TI/k6sydESPpZoI/HKxcJ3hN5x1eD RsI/G4tCGRQ2AEsj5GB1LIHhhwl6cIrlR8COmLVIKSW kQfeBqSu898msJyHRH1t+LYaQWvwYuzecXdLhFppOull X+XG4FNJdq0ZwHukl7CWgmTpvWNkMsRPB3GflH2pdBO 0FEf1SvkZnQqeF3oGno1E8VTkggad4GjYmHJPaynjmdy gPdAvL9D5dVd4dYV3iW1kNs/g9ene8LAxf29xkw6kQp GKKvJDHZfatXw38f5aNNDWE7AdzainqGf8armVKzlC/z LivUfVBzK6SzkjPy/mmfnJLMnTtdThL9X5+y/6rzSW2 s/aXvbD1rdp/Y3tki36Q7K7tAjbPiCtnC4QhT7gT7SJ2 fVeeVsOzt1aGPB5tyiHy6n/xWxtxiZ</latexit><latexit sha1_base64=" FbS3UQ+/FDeBuYh2bVKpdr1jgkI=">AAAFonictVTbbt NAEJ0GDG24tfDIi0VUCR6InAoEvEXQIhCqaFVCKzVRZ bvbYMU3rTdtg+VP4BW+jX/hgTPjDYQWCEhgy57ZuZw9M 551kMdRYTzv80LjwkXn0uXFpeaVq9eu31heufm2yMY6 VL0wizO9F/iFiqNU9UxkYrWXa+UnQax2g9Ez9u8eK11E WfrGTHI1SPxhGh1FoW9g2tk8OD1YbnltTy73vNKxSov stZWtNDaoT4eUUUhjSkhRSgZ6TD4VuPepQx7lsA2ohE1 Di8SvqKImcseIUojwYR3hPcRq31pTrBmzkOwQu8R4ND JdWsXzXBADRPOuCnoB+QXPe7ENf7lDKcjMcAIZAHFJED dhN/QOEfMyExs55TI/k6sydESPpZoI/HKxcJ3hN5x1eD RsI/G4tCGRQ2AEsj5GB1LIHhhwl6cIrlR8COmLVIKSW kQfeBqSu898msJyHRH1t+LYaQWvwYuzecXdLhFppOull X+XG4FNJdq0ZwHukl7CWgmTpvWNkMsRPB3GflH2pdBO 0FEf1SvkZnQqeF3oGno1E8VTkggad4GjYmHJPaynjmdy gPdAvL9D5dVd4dYV3iW1kNs/g9ene8LAxf29xkw6kQp GKKvJDHZfatXw38f5aNNDWE7AdzainqGf8armVKzlC/z LivUfVBzK6SzkjPy/mmfnJLMnTtdThL9X5+y/6rzSW2 s/aXvbD1rdp/Y3tki36Q7K7tAjbPiCtnC4QhT7gT7SJ2 fVeeVsOzt1aGPB5tyiHy6n/xWxtxiZ</latexit><latexit sha1_base64=" FbS3UQ+/FDeBuYh2bVKpdr1jgkI=">AAAFonictVTbbt NAEJ0GDG24tfDIi0VUCR6InAoEvEXQIhCqaFVCKzVRZ bvbYMU3rTdtg+VP4BW+jX/hgTPjDYQWCEhgy57ZuZw9M 551kMdRYTzv80LjwkXn0uXFpeaVq9eu31heufm2yMY6 VL0wizO9F/iFiqNU9UxkYrWXa+UnQax2g9Ez9u8eK11E WfrGTHI1SPxhGh1FoW9g2tk8OD1YbnltTy73vNKxSov stZWtNDaoT4eUUUhjSkhRSgZ6TD4VuPepQx7lsA2ohE1 Di8SvqKImcseIUojwYR3hPcRq31pTrBmzkOwQu8R4ND JdWsXzXBADRPOuCnoB+QXPe7ENf7lDKcjMcAIZAHFJED dhN/QOEfMyExs55TI/k6sydESPpZoI/HKxcJ3hN5x1eD RsI/G4tCGRQ2AEsj5GB1LIHhhwl6cIrlR8COmLVIKSW kQfeBqSu898msJyHRH1t+LYaQWvwYuzecXdLhFppOull X+XG4FNJdq0ZwHukl7CWgmTpvWNkMsRPB3GflH2pdBO 0FEf1SvkZnQqeF3oGno1E8VTkggad4GjYmHJPaynjmdy gPdAvL9D5dVd4dYV3iW1kNs/g9ene8LAxf29xkw6kQp GKKvJDHZfatXw38f5aNNDWE7AdzainqGf8armVKzlC/z LivUfVBzK6SzkjPy/mmfnJLMnTtdThL9X5+y/6rzSW2 s/aXvbD1rdp/Y3tki36Q7K7tAjbPiCtnC4QhT7gT7SJ2 fVeeVsOzt1aGPB5tyiHy6n/xWxtxiZ</latexit>
My
<latexit sha1_base64="GC/B+d74pGc8iu0dhXTpxe NgPS8=">AAAFonictVTbbtNAEJ0GTNtwa+GRF4uoEjwQOQhEeYugRSBU0aqEVmqiyna3wYpvWm9aguVP4BW+jX/ hgTPjDYQWCEhgy57ZuZw9M551kMdRYTzv80LjwkXn0uLScvPylavXrq+s3nhTZGMdql6YxZneD/xCxVGqeiYysd rPtfKTIFZ7wegp+/dOlC6iLH1tJrkaJP4wjY6j0Dcw7W4dTg5XWl7bk8s9r3Ss0iJ7bWerjU3q0xFlFNKYElKUk oEek08F7gPqkEc5bAMqYdPQIvErqqiJ3DGiFCJ8WEd4D7E6sNYUa8YsJDvELjEejUyX1vA8E8QA0byrgl5AfsHz XmzDX+5QCjIznEAGQFwWxC3YDb1FxLzMxEZOuczP5KoMHdO6VBOBXy4WrjP8hrMBj4ZtJB6XNiVyCIxA1ifoQAr ZAwPu8hTBlYqPIH2RSlBSi+gDT0Ny95lPU1huIKL+Vhw7reAVeHE2r7jbJSKNdL208u9yI7CpRJv2LMBd0gtYK2 HStL4RcjmCp8PYL8q+FNopOuqjeoXcjN4JXhe6hl7NRPGUJILGXeCoWFhyD+up45kc4D0Q7+9QeXVHuHWFd0kt5 PbP4PXprjBwcX+vMZNOpIIRymoyg92XWjX893A+2vQQllPwnY2oZ+hnvKo5FWv5Av+yYv0HFYdyOgs5I/+v5tk5 yeyJ0/UU4e/VOfuvOq/07rcft72dB63uE/sbW6JbdBtld+gRNnxO2zhcIYr9QB/pk7PmvHR2nN06tLFgc27SD5f T/wq28xia</latexit><latexit sha1_base64="GC/B+d74pGc8iu0dhXTpxe NgPS8=">AAAFonictVTbbtNAEJ0GTNtwa+GRF4uoEjwQOQhEeYugRSBU0aqEVmqiyna3wYpvWm9aguVP4BW+jX/ hgTPjDYQWCEhgy57ZuZw9M551kMdRYTzv80LjwkXn0uLScvPylavXrq+s3nhTZGMdql6YxZneD/xCxVGqeiYysd rPtfKTIFZ7wegp+/dOlC6iLH1tJrkaJP4wjY6j0Dcw7W4dTg5XWl7bk8s9r3Ss0iJ7bWerjU3q0xFlFNKYElKUk oEek08F7gPqkEc5bAMqYdPQIvErqqiJ3DGiFCJ8WEd4D7E6sNYUa8YsJDvELjEejUyX1vA8E8QA0byrgl5AfsHz XmzDX+5QCjIznEAGQFwWxC3YDb1FxLzMxEZOuczP5KoMHdO6VBOBXy4WrjP8hrMBj4ZtJB6XNiVyCIxA1ifoQAr ZAwPu8hTBlYqPIH2RSlBSi+gDT0Ny95lPU1huIKL+Vhw7reAVeHE2r7jbJSKNdL208u9yI7CpRJv2LMBd0gtYK2 HStL4RcjmCp8PYL8q+FNopOuqjeoXcjN4JXhe6hl7NRPGUJILGXeCoWFhyD+up45kc4D0Q7+9QeXVHuHWFd0kt5 PbP4PXprjBwcX+vMZNOpIIRymoyg92XWjX893A+2vQQllPwnY2oZ+hnvKo5FWv5Av+yYv0HFYdyOgs5I/+v5tk5 yeyJ0/UU4e/VOfuvOq/07rcft72dB63uE/sbW6JbdBtld+gRNnxO2zhcIYr9QB/pk7PmvHR2nN06tLFgc27SD5f T/wq28xia</latexit><latexit sha1_base64="GC/B+d74pGc8iu0dhXTpxe NgPS8=">AAAFonictVTbbtNAEJ0GTNtwa+GRF4uoEjwQOQhEeYugRSBU0aqEVmqiyna3wYpvWm9aguVP4BW+jX/ hgTPjDYQWCEhgy57ZuZw9M551kMdRYTzv80LjwkXn0uLScvPylavXrq+s3nhTZGMdql6YxZneD/xCxVGqeiYysd rPtfKTIFZ7wegp+/dOlC6iLH1tJrkaJP4wjY6j0Dcw7W4dTg5XWl7bk8s9r3Ss0iJ7bWerjU3q0xFlFNKYElKUk oEek08F7gPqkEc5bAMqYdPQIvErqqiJ3DGiFCJ8WEd4D7E6sNYUa8YsJDvELjEejUyX1vA8E8QA0byrgl5AfsHz XmzDX+5QCjIznEAGQFwWxC3YDb1FxLzMxEZOuczP5KoMHdO6VBOBXy4WrjP8hrMBj4ZtJB6XNiVyCIxA1ifoQAr ZAwPu8hTBlYqPIH2RSlBSi+gDT0Ny95lPU1huIKL+Vhw7reAVeHE2r7jbJSKNdL208u9yI7CpRJv2LMBd0gtYK2 HStL4RcjmCp8PYL8q+FNopOuqjeoXcjN4JXhe6hl7NRPGUJILGXeCoWFhyD+up45kc4D0Q7+9QeXVHuHWFd0kt5 PbP4PXprjBwcX+vMZNOpIIRymoyg92XWjX893A+2vQQllPwnY2oZ+hnvKo5FWv5Av+yYv0HFYdyOgs5I/+v5tk5 yeyJ0/UU4e/VOfuvOq/07rcft72dB63uE/sbW6JbdBtld+gRNnxO2zhcIYr9QB/pk7PmvHR2nN06tLFgc27SD5f T/wq28xia</latexit>
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FIG. 6. Graphical representation of Eq. Eq. (8), in the
bipartite case, for calculating the final state of the ancil-
las after all the parties interacted with the process. Here
M and N are the Choi matrices of the local CPTP maps
M,N .
mutual information, across the bipartition, of the
final state of the ancillas. By maximising the mutual
information, over all probing schemes M, we get a
bound on the maximal amount of correlations that
the process allows across this bipartition. This leads
us to define the following intrinsic measure of the
strength of correlations allowed by a process:
CW (A : A¯) := sup
M
IρM(A : A¯) ,
where the maximisation is taken over all CPTP
maps {Mj}Nj=1 and all dimensions for the ancillary
output Hilbert spaces. Since the process matrix for-
malism is closely related to many other operational
approaches for dealing with multipartite signalling
quantum correlations [3–7]; our definition of CW thus
directly applies as an intrinsic measure of correla-
tions in those formalisms as well.
The quantity CW (A : A¯) is exactly what is being
bounded by the spacetime area law of Theorem 1,
in the case when W describes a local Hamiltonian
evolution. For arbitrary processes W however, the
mutual information cannot be expected to scale with
the boundary area, and will rather only be bounded
by the spacetime volume of the region.
We finish this section by discussing some exam-
ples that illustrate the meaning of CW , in case
of two parties, which we label by A and B. Let
W = ωAIBI ⊗ IAOBO be a state shared between the
two parties. In this case it is straightforward to see
that CW (A : B) is just the usual quantum mutual
information of the state ω.
Another important example is when the process
WAOBI (here AI and BO are assumed to be the
trivial Hilbert space) is the Choi state of a channel
W : L(HAO ) → L(HBI ). Let ωAOAO′ be any state
in HAO ⊗HA′O , and consider the state ΩAO′BI that
is obtained by using W to send the AO subsystem
to BI . Then CW (A : B) is the maximum mutual
information between AO′ and BI that one can get
when ΩAO′BI is obtained in that way . This quantity
is known to be equal to the entanglement-assisted
classical capacity of the channel W [53], which is
evidently an upper bound to the ordinary classical
capacity of W.
One interesting probing scheme consists of all par-
ties performing MA(ρ) = ρA1O′ ⊗ |Φ+〉〈Φ+|AOA2O′ ,
AO′ := A
1
O′ ⊗ A2O′ ∼= AI ⊗ AO, and appears in
Refs. [7, 54]. In this case, the final state of the an-
cillas is equal (up to normalisation), to the process
matrix W . This shows that CW is at least as large as
the mutual information of the state ρ = W/Tr(W ).
However, one can find examples showing that CW
is in general strictly larger than that. Indeed, let
dAI = dAO = dBI = 2, dBO = 1, and take the
(causally-ordered) process
W = |Φ+〉〈Φ+|AIBI ⊗ |0〉〈0|AO + 1
4
IAIBI ⊗ |1〉〈1|AO .
(7)
The mutual information of W/Tr(W ), across the
(A : B) bipartition is 1 bit, while for the probing
scheme MA(ρ) = |0〉〈0|AO ⊗ ρAO′ , MB(ρ) = ρBO′ ,
the final state of the ancillas has a mutual informa-
tion of 2 bits.
IX. CONCLUSION
We have considered agents acting locally on a
quantum system which undergoes time evolution
governed by local dynamics. We showed that the
amount of information that an agent localised within
a spacetime region can acquire about the outside
is at most proportional to the area of the region’s
boundary (Proposition 3). We further showed that
when all operations are local in spacetime, the corre-
lations between their outcomes are bounded by the
same spacetime area law (Theorem 1).
These results make precise the intuition that when
both dynamics and operations are local, the infor-
mation content of a spacetime region should scale
like its boundary. We derived this result relying on
the principles of operationalism and locality. The
same principles are at the basis of recent suggestions
for a generalization of quantum theory to arbitrary
background spacetimes [55]. There, quantum states
are indeed associated with boundaries of spacetime
regions.
It has been suggested that spatial geometry can
be reconstructed from the entanglement structure of
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certain quantum states [26]. In this paper we pro-
posed a measure of bipartite correlation which is in-
trinsic to general quantum processes. Further study
shall investigate the possibility of applying similar
methods to a set of such correlations in order to re-
construct the spacetime geometry of the underlying
process.
We have restricted our analysis to finite-
dimensional systems. This allowed us to obtain
bounds on the entropy of subsystems simply by con-
sidering their dimensions and to ignore information
about initial states, the particular type of interac-
tions etc. This simplification, however, makes our
result inapplicable to infinite-dimensional systems,
for example quantum fields, which are necessary for
Lorentz invariant local interactions. Further work
shall consider the same questions in a setting with
infinite-dimensional systems.
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Appendix A THE PROCESS MATRIX
FORMALISM
We briefly review the basics of the process ma-
trix formalism. We refer the reader to the original
reference [8], as well as Refs. [44, 54] for more com-
plete introductions. Our choice of convention for the
Choi-Jami lkowski isomorphism [56, 57] follows that
of Ref. [54].
If H is a (finite-dimensional) Hilbert space, we
denote by L(H) the space of linear operators acting
on H. If HA and HB are two Hilbert spaces, we
use HAB to denote their tensor product. For every
linear map M : L(HAI ) → L(HAO ) we define its
Choi matrix M ∈ L(HAIAO ) as
MAIAO =
dimHAI∑
ij=1
|i〉〈j|AI ⊗M(|i〉〈j|)AO .
One may check that the isomorphism can be inverted
by using the formula
M(ρ) = TrAI
(
MAIAO · (ρAI )T ⊗ IAO
)
,
where T denotes the transposition in the computa-
tional basis. The above equation can be used to show
that M is trace-preserving iff TrAO MAIAO = IAI .
Choi’s theorem [57], states that MAIAO corresponds
to a completely-positive (CP) map if and only if
M ≥ 0.
We define process matrices in the case of two par-
ties, whose local laboratories respectively have input
Hilbert spaces HAI ,HBI , and output Hilbert spaces
HAO ,HBO . The generalisation of the definition to
more parties is straightforward.
Definition 1. (Process matrix) An operator
WAIAOBIBO ∈ L(HAIAOBIBO ) is a process ma-
trix if for all CPTP maps M : L(HAIA′I ) →L(HAOA′O ), N : L(HBIB′I ) → L(HBOB′O ), whereHA′I ,HA′O ,HB′I ,HB′O are ancillary Hilbert spaces of
arbitrary dimension, the operator
G = TrAIAOBIBO
(
WT (MAIA
′
IAOA
′
O ⊗NBIB′IBOB′O )
)
(8)
is the Choi state of a CPTP map from HA′IB′I to
HA′OB′O , i.e. TrA′OB′O G = IA
′
IB
′
I . In the above,
WT is transpose of W , while M and N are the
Choi operators corresponding to the CPTP maps
MAIA′IAOA′O and NBIB′IBOB′O .
A process matrix allows one to calculate proba-
bilities for local quantum instruments. A quantum
instrument is defined as a collection {Ma|x} of CP
maps which sum to a CPTP map; here x is a set
of settings, while a is the outcome recorded by the
instrument. When the ancillary Hilbert spaces are
trivial, Eq. (8) reduces to
p(ab|xy) = Tr
[(
MAIAOa|x ⊗MBIBOb|y
)
WT
]
.
In order for W to produce valid probabilities (posi-
tive and normalised), for all choices of local quantum
instruments, one may show that the following con-
straints must be satisfied [44, 54]
W ≥ 0 , (9)
TrW = dAOdBO , (10)
BIBOW = AOBIBOW, (11)
AIAOW = AIAOBOW, (12)
W = BOW + AOW − AOBOW, (13)
where XW :=
IX
dX
⊗ TrXW .
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